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2 R. Scranton

most halo-model treatments, rS is replaced by a concen-
tration, c � rv=rS, where rv is the virial radius de�ning
the region where the fractional overdensity of the halo Æv
is approximately 200 and c is a weak function of halo mass
(c � c0(M=M�)

�, where c0 � O(10) and � � �O(10�1)).
The traditional NFW pro�le gives � = �1, while the Moore
pro�le (Moore et al. 1998) has � = �3=2. We will use
� = �1:3 for the calculations in this paper, but the gen-
eral results are largely insensitive to the choice of �. Bullock
(2001) gives c0 = 9 for a pure NFW pro�le; using Peacock
& Smith's relation, c0 � 4:5 for a Moore pro�le. Since we
are using an intermediate value of �, we choose c0 = 6 and
� = �0:15 for all the calculations in this paper. In principle,
one can also consider scatter in the concentration at a given
mass (Scoccimarro, et al., 2001), leading to an integral over
the distribution of c, but the magnitude of this e�ect is small
enough that it can be safely ignored.

Rewriting Equation 1 in terms of the concentration and
the mass, we get

�(r;M) =
�S

(rc=rv)
�� (1 + rc=rv)

3+� ; (2)

where

r3v =
3M

4�Æv ��
; (3)

�S =
Æv ��c3(M)

3

�Z c(M)

0

d�
�2+�

(1 + �)3+�

��1
; (4)

�� is the mean matter density and M is the mass of the halo.
Since we will be working in wavenumber space when we
generate the power spectrum, we actually need to consider
the Fourier transform of the halo pro�le,

y(k;M) =
1

M

Z rv

0

4�r2�(r;M)
sin(kr)

kr
dr; (5)

where we have normalized over mass so that y(0;M) = 1 and
y(k > 0;M) < 1. Note that this implies that �(r > rv) = 0,
truncating the mass integration at the virial radius.

With this in hand, we can move on to the next compo-
nent of the halo model, the halo mass function, (dn=dM).
Traditionally, this mass function is expressed in terms of a
function f(�),

dn

dM
dM =

��

M
f(�)d�; (6)

where � relates the minimum spherical over-density that has
collapsed at a given redshift (Æc(z), Æc(0) = 1:676 for an

m = 0:3, 
� = 0:7 cosmology) and the rms spherical uc-
tuations containing mass M (�(M;z)) as

� �

�
Æc(z)

�(M)

�2

: (7)

We de�ne M� as the mass corresponding to � = 1. The
functional form for f(�) is traditionally given by the Press-
Schechter function (1974). This form tends to over-predict
the number of halos below M�, so we use the form found
from simulations by Sheth and Torman (1997),

�f(�) � (1 + �0
�p
)�0

1=2
e��

0=2; (8)

where �0 = a�, a = 0:707 and p = 0:3. This relation is
normalized by requiring that

1

��

Z
1

0

dn

dM
MdM =

Z
f(�)d� = 1; (9)

for the dark matter distribution.
On nonlinear scales, we expect the halos to cluster more

strongly than the mass, and vice versa for linear scales (Mo
& White, 1996). This means we need to positively bias the
clustering of the high mass halos relative to the low mass
halos. We can generate this sort of halo biasing scheme for
the ST mass function using

b(�) = 1 +
�0 � 1

Æc
+

2p

Æc(1 + �0p)
: (10)

In order for the eventual power spectrum to reduce to a
linear power spectrum on large scales, we need to impose
the further constraint thatZ

1

0

f(�)b(�)d� = 1; (11)

requiring that the biased halos with mass greater than M�

be balanced out by anti-biased halos with mass less thanM�.
This integral is satis�ed automatically if we use Equation 10
and have properly normalized f(�).

Using just these three components, we can generate the
power spectrum for the dark matter. However, in order to
predict the galaxy power spectrum, we need to know how
many galaxies are in a given halo (under the assumption that
the distribution of galaxies in the halo follows the halo pro-
�le). Currently no theory completely informs the formation
of galaxies given a halo mass, but the traditional form of the
hNi(M) relation (Jing et al., 1998; Kau�mann et al., 1999;
Benson et al., 2000; White et al., 2001) has the galaxies pop-
ulating the halo as a simple power law, hNi(M) � (M=M0)

 ,
where M0 sets the unit mass scale and  < 1. Additionally,
one can put in constraints on the minimum mass to form a
galaxy and other modi�cations. For the purposes of the for-
malism for calculating the power spectrum, however, we can
put aside the question of precisely what this function looks
like. The inclusion of galaxies does change the normalization
of Equation 9 toZ

1

0

hNi

M(�)
f(�)d� =

�n

��
; (12)

where �n is the mean number of galaxies.
On large scales, the power spectrum is dominated by

correlations between galaxies in separate halos. We need to
convolve the halo pro�le with the mass function to account
for the fact that halos are not pointlike objects. Since we
are in Fourier space, we can perform the convolution using
simple multiplication. The halo-halo power (Phh

GG(k)) is then
simply,

Phh
GG(k) = PLIN(k)

�
��

�n

Z
1

0

f(�)
hNi

M(�)
b(�)y(k;M)d�

�2
; (13)

where PLIN(k) is the linear dark matter power spectrum. In
the small k limit, this reduces to a simple linear bias (hbi),

hbi =
��

�n

Z
1

0

f(�)
hNi

M(�)
b(�)d�: (14)

For small scales, the dominant contribution to the
power spectrum comes from correlations between galaxies
within the same halo. This single halo term is independent

c 0000 RAS, MNRAS 000, 000{000



Modeling Galaxy Clustering by Color 3

of k at larger scales, giving it a Poisson-like behavior. In or-
der to account for the fact that a single galaxy within a halo
does not correlate with itself, we use the second moment of
the galaxy number relation, (hN(N � 1)i) to calculate the
Poisson power (PP

GG(k)),

PP
GG(k) =

��

(2�)3�n2

Z
1

0

f(�)
hN(N� 1)i

M
jy(k;M)j�d�: (15)

Seljak takes � = 2 for hN(N � 1)i > 1 and � = 1 for
hN(N � 1)i < 1; this is done to account for the galaxy at
the center of the halo in the limit of small number of galax-
ies. In the limit of large numbers of galaxies, hN(N � 1)i
approaches hNi2, but in the small number limit, hN(N� 1)i
can be approximated by a binomial distribution. This can
be implemented by using the �ts given in Scoccimarro et al.
(2000), letting

hN(N� 1)i = �2MhNi
2; (16)

where �M = 1 for M > 1013h�1M� and �M =

log(
p
Mh=1011M�) for M < 1013h�1M�. Clearly, this

will not be exact for an arbitrary hNi(M), but it should be
close enough for our purposes. Adding Phh

GG(k) and PP
GG(k),

we recover the galaxy power spectrum at all wavenumbers,
PGG(k).

3 GENERATING RED & BLUE POWER
SPECTRA

Within the framework presented above, there are a number
of parameters which might be modi�ed to generate mod-
els of di�erent power spectra for red and blue galaxies. One
could modify the concentration index for each galaxy pop-
ulation, change the halo biasing relation, etc. In this paper,
we focus on two modi�cations to the standard treatment:
a modi�cation of the hNi relations and the halo pro�les for
each of the galaxy types.

The physical motivation in both of these cases is clear.
Semi-analytic models for galaxy formation indicate that the
primary determinant of galaxy color is the epoch of ini-
tial gas cooling to form the initial stellar population. Red
galaxies tend to form earlier, appearing in the deepest over-
densities, while the current blue galaxies form later when gas
in the shallower potentials and outskirts of the larger poten-
tials has cooled. Given this di�erence in development, the
prospect that the eÆciency of galactic formation (and hence
number of galaxies produced within a halo of a given local
halo mass) would vary for the two epochs is a reasonable
conclusion. Likewise, for the di�erent halo pro�les, we know
from observations as well as simulations that red galaxies
tend to populate the centers of galaxy clusters and �laments,
while blue galaxies are more numerous at the fringes of struc-
ture and in the �eld. Changing the distribution function for
the di�erent colored galaxies within a halo to reect these
observations is an obvious step.

3.1 Modifying hNi(M)

The simplest model we can adopt for the galaxy number re-
lations for the red and blue galaxies (hNiR and hNiB, respec-

tively) would be the simple power laws alluded to earlier,

hNiR(M) = NR0

�
M

MR0

�R
(17)

hNiB(M) = NB0

�
M

MB0

�B
:

In practice, this form actually over-determines the functional
form of the power laws; since we know the functions pass
through unity at some mass scale, we can set NR0 = NB0 =
1 and determine the relative contribution of red and blue
galaxies by selecting MR0 and MB0 appropriately.

Such a model does reasonably well, but the GIF simula-
tions (Kau�mann, et al., 1999) point to an extra abundance
of blue galaxies at small halo masses (M � 1012h�1M�).
Sheth et al. (2001) include this e�ect by the addition of a
Gaussian term to the hNiB relation,

hNiB(M) =
�

M

MB0

�B
+Ae�4(log(M)�MBs)

2

; (18)

where A is O(1=2) and MBs is the logarithm of the mass
corresponding to the peak in the Gaussian component. All
told, this gives us six tunable parameters for the hNi rela-
tions. For the purposes of our power spectrum calculations,
we will add an additional lower mass cut-o� for the hNiR re-
lations at 1011h�1M�; the resulting power spectra are not
terribly sensitive to the precise value of this cut-o�.

3.2 Modifying Halo Pro�les

In modifying the distribution functions for red and blue
galaxies, we have a number of constraints. First, we require
that the sum of the matter associated with red galaxies and
that with blue galaxies match the total distribution of mat-
ter at all halo radii. This is not to say that all the matter
ends up in galaxies; rather, it merely requires that the com-
bined distribution of red and blue galaxies in the halo match
the total galaxy distribution. Although this would appear to
suppress natural correlations between red and blue galaxies,
Sheth & Lemson (1999) show that this sort of clustering by
conservation of number works reasonably well.

There are any number of pro�les we might choose to
consider for the red and blue sub-pro�les. In principle, the
shapes of these pro�les could be found from analyzing the
results of simulations, but for the purposes of this exercise
we will forgo that complication. Instead, we will restrict our-
selves to pro�les of a similar form as that given in Equation 1
with di�erent values of �S and � for the red and blue sub-
populations. Of course, the sum of two pro�les with di�ering
values of � do not quite match a pro�le with a third value
of �, but we can come reasonably close with clever choices
of �R and �B for the red and blue populations, respectively.

In order to �nd the proper values for our extended halo
parameter set, we need only know the relative abundance of
red and blue galaxies at two points along the radial pro�le.
At large radii relative to the virial radius, all of the pro�les
go as � � r�3, meaning that the ratio of the number of blue
galaxies to red galaxies (�) in this regime gives us the ra-
tio of �SB=�SR immediately, once we have transformed from
number of galaxies to mass assigned to galaxies (see below).
We consider the halos truncated at these large radii when
we calculate the power spectra, but this allows us to set the
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Figure 2. Power spectra for red (PRR(k)) and blue (PBB(k))
galaxies and their cross-power spectrum (PRB(k)) compared to
the dark matter (PDD(k)) and galaxy (PGG(k)) power spectra.

makes the halo-halo term

Phh
RB(k)

PLIN(k)
=

�
��

�nR

Z
1

0

fR(�)
hNiR
M(�)

b(�)yR(k;M)d�

�
�

�
��

�nB

Z
1

0

fB(�)
hNiB
M(�)

b(�)yB(k;M)d�

�
: (26)

For the Poisson term, we simply replace the second moment
of the galaxy number relations with the product of hNiR and
hNiB,

PP
RB(k) = ��

Z
1

0

�f(�)
hNiRhNiB

(2�)3�nR�nM(�)
j�y(k;M)j�d�; (27)

where �f(�) and �y(k;M) are the geometric means of the red
and blue values.

The results of such a calculation are shown in Figure 2.
For our �ducial model, we choose the set of input parame-
ters in a �CDM model given in Table 1. As we would gen-
erally expect, the red galaxies show a stronger biasing than
either the total sample or the blue sample, as well as trac-
ing the shape of the dark matter power spectrum (PDD(k))
more closely. The blue galaxies are anti-biased relative to the
normal galaxy power spectrum, and demonstrate a slightly
steeper slope. Additionally, the blue galaxies demonstrate a
sharp break from a power law at small scales. This e�ect
is due solely to the hNi(M) relation for the blue galaxies
and not the halo pro�les; the larger number of blue galaxies
in smaller, less massive halos sets in at this scale, driving
the power up. Remarkably, however, the galaxy populations
that generate these power spectra combine to produce a to-
tal galaxy power spectrum with simple power law behavior.
The exact comparison of these predicted power spectra to
those from simulations we leave as a detail for future work;
for now we are more interested in the exibility of the model
than precise values for parameters.

With this machinery in place, we can calculate the rel-
ative bias between the various power spectra:

bRB(k)
2 =

PRR(k)

PBB(k)
; bRG(k)

2 =
PRR(k)

PGG(k)
(28)

Table 1. Fiducialmodel parameters for power spectra in Figure 2

Description Parameter Value

Red Unit Mass Scale MR0 3� 1012h�1M�
Blue Unit Mass Scale MB0 7� 1013h�1M�
Red Mass Scaling Index R 0.9
Blue Mass Scaling Index B 0.7
Gaussian Normalization A 0.5
Gaussian Mass Scale MBs 11.75
Outer Galaxy Ratio � 4
Inner Galaxy Ratio � 10
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Figure 3. Relative biases between red and blue galaxies (bRB(k))
and the red, blue and cross power spectra and the galaxy power
spectrum (bRG(k), bBG(k), and bRBG(k), respectively).

bBG(k)
2 =

PBB(k)

PGG(k)
; bRBG(k)

2 =
PRB(k)

PGG(k)
:

We choose relative biases between the various galaxy power
spectra rather than the absolute biases relative to the dark
matter for two reasons. First, in each of the cases in x4
where we vary a parameter in our model, at least one of
PGG(k), PRR(k) or PBB(k) remains roughly constant, so we
can use that power spectrum as a baseline for seeing how
the other one or two vary. Second, while the absolute bi-
ases can be measured using galaxy magni�cation bias, the
relative biases involve real clustering that can be measured
over a much wider range of redshift for a given photometric
or spectroscopic survey (the evolution of these biases over
redshift will be left for future work).

As with the results calculated by Seljak, the relative bi-
ases shown in Figure 3 are constant on large scales, whereas
on small scales there is considerable variation, particularly
in the bRB(k) and bBG(k) biases. As we will see later, the
behavior of these biases is a strong function of the model in-
put, suggesting that reasonably small error bars on the the
bias in wavenumber space could act as a powerful constraint
on the model parameters.
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Figure 4. bRG(k) for several values of �� in the limit where
MB0 � MR0. PGG(k) and PBB(k) are una�ected by changes in
�� in this limit.

4 VARIATIONS

4.1 Inner and Outer Ratios

As Equations 19 and 21 suggest, the e�ect of our choices
for � and � will be at least partially determined by the ra-
tio of MR0=MB0. In the regime where MB0 � MR0 as in
the �ducial model, the actual values of � and � are not so
important to the resulting power spectra as their product.
Likewise, since the pro�le that the blue galaxies will popu-
late is relatively at in the center of each halo, the e�ects
of changing the value of �� does not signi�cantly change
the clustering of the blue galaxies; the majority of the mass
associated with normal NFW pro�les is outside the � � r�

region anyway and, since �B > � by construction, this will
be even more pronounced for the blue galaxies. Thus, we do
not expect PBB(k) to vary signi�cantly with �� and we have
constructed �R and �B such that PGG(k) will not vary, so
the only sensitivity to �� we expect to see is in PRR(k) and
PRB(k) and the associated relative biases. In Figure 4, we
show bRG(k) for several di�erent values of ��. There is some
change in the shape of the bias, perhaps indicative of a more
negative �R in the high �� models leading to a greater pop-
ulation of the inner regions of the halos with red galaxies.
Indeed, in most of these models, the matter associated with
red galaxies only exceeds that associated with blue galaxies
in the very inner regions of the halo.

In a model where MB0 �MR0, the degeneracy between
� and � is broken. Figure 5 shows bRG(k) and bBG(k) for two
models where MB0 = MR0 = 3� 1012h�1M� and �� = 40.
Since Equations 19 and 22 are no longer dominated by the
ratio of MR0=MB0, we can see signi�cant shifts in the biases
of both red and blue galaxies relative to PGG(k). In this
case, we have a more equal distribution between the mass
associated with red and blue galaxies and less extreme rel-
ative halo pro�le normalizations. Clearly, using future mea-
surements to constrain these parameters will require using
multiple biases to minimize these degeneracies.

0.001 0.01 0.1 1 10 100

k [h Mpc
-1

]

1

B
ia

s

b
RG

(k), µ = 10, η = 4 
b

BG
(k), µ = 10, η = 4

b
RG

(k), µ = 20, η = 2
b

BG
(k), µ = 20, η = 2

Figure 5. bRG(k) and bBG(k) for equal values of �� in theMR0 �

MB0 regime. PGG(k) remains constant for all values of �� by
construction.

4.2 hNi(M) Relations

Unlike modifying the halo pro�les, changing the parameters
in the hNi(M) relations can have signi�cant e�ects on the
shapes of all the power spectra not just PRR(k) and PBB(k).
The general e�ect of each of the modi�cations is to change
the behavior of the Poisson term in the power spectra, but
the speci�c e�ects for each modi�cation show considerable
and sometimes surprising variations.

We begin with the unit mass scale for the blue galax-
ies, MB0. In general, this parameter does not strongly af-
fect the total galaxy power spectrum; there is some slight
variation (� 5%) over the range 1012h�1M� < MB0 <
1014h�1M� in the quasi-linear regime of the power spec-
trum (k � hMpc�1). However, there is signi�cant change
in the relative biases of the red and blue galaxies, as shown
in Figure 6. Additionally, as log(MB0) approaches MBs, the
non-power law behavior of PBB(k) is considerably damped
out.

In contrast to MB0, modifying the values of MR0 leads
to large variations in the shape and amplitude of PGG(k),
with lesser amplitude shifts to PRR(k) and almost no e�ect
on PBB(k) (as we might suspect). Figure 7 shows bRB(k)
and bBG(k) for a two decade range in MR0 values. As MR0

approaches MB0, the e�ect of the Gaussian term in hNiB on
PGG(k) increases, leading to a galaxy power spectrum with
a strong break in its power law at large wavenumber. Con-
versely, at lower MR0, the galaxy power spectrum inects,
leading to a stronger anti-bias in PBB(k) relative to PGG(k)
around k � 1. Additionally, in this limit we can see the ef-
fect of the Gaussian component in the transformation from
� to �0 (Equation 21) changing the e�ective value of ��.

Due to the sub-dominant role of hNiB to that of hNiR
over most of the mass range, varying B does not signi�-
cantly change any of the power spectra. Changing R alters
PRR(k) and PGG(k) slightly, generally smoothing out the
variations in bRG(k) over k for larger values of R.

Changing A and MBs has minimal e�ect on the red
power spectrum, so long as we are in theMR0;MB0 � 10MBs

c 0000 RAS, MNRAS 000, 000{000
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Figure 6. bRG(k) and bBG(k) for several values of MB0. Masses
are given in h�1M�. PGG(k) remains constant over variations in
MB0.
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Figure 7. bRB(k) and bBG(k) for several values of MR0. Masses
are given in h�1M�. PBB(k) is constant over this range in MR0.

regime. There are, however, e�ects on PGG(k) and PBB(k)
(quite strong e�ects in the case of MBs) and we can begin
to see our approximation neglecting the Gaussian term in
Equation 20 break down asMBs approaches M�, resulting in
biased PBB(k) relative to PGG(k) at small scales. Increasing
the value of A has a slight global e�ect on bRB(k) and bRG(k)
(Figure 8), but mostly it controls the on-set of the break
in the PBB(k) power-law with large values of A lead to a
sharper break. The mass scale for the contribution of the
Gaussian term in hNiB plays a much more signi�cant role.
Large values ofMBs increase PBB(k) (and, to a lesser extent,
PGG(k)) on all scales, leading to a suppression of bRB(k) and
bRG(k) as MBs increases (Figure 9). Likewise, as the mass
of the halos experiencing this boost in PP

BB(k) increases, the
onset of the bump in the power law for PBB(k) occurs on
larger and larger scales.
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Figure 8. bRB(k) and bRG(k) for several values of A. PRR(k) is
una�ected by our choice of A.

1

10

b R
B
(k

)

M
bs

 = 11.0

M
bs

 = 11.75

M
bs

 = 12.5

k [h Mpc
-1

]

1

10

b R
G
(k

)

Figure 9. bRB(k) and bRG(k) for several values of MBs. Again,
PRR(k) remains constant for di�erent values of MBs.

As mentioned above, the over-riding theme of these vari-
ations appears to be the e�ect of changing at what scale and
in what way the Poisson contribution to the power spectra
sets in. As MB0 and MR0 increase, fewer galaxies resulting
from the power law parts of hNiB and hNiR populate the
lower mass halos and small scale power-law behavior is sup-
pressed in favor of the Gaussian contribution to hNiB. The
degree to which this non-power law behavior in the red and
blue galaxies is recreated in the data and simulations should
be an excellent clue as to setting the relative amplitude of
MB0 and MR0 as well as MBs.

5 CONCLUSION

We have shown that, through relatively simple modi�cations
to the hNi and halo pro�le relations in the standard formal-
ism, we can generate reasonable power spectra for red and

c 0000 RAS, MNRAS 000, 000{000
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blue galaxies, as well as a number of relative biases between
the various galaxy power spectra. By manipulation of the
parameters constituting the hNi relations, we have consid-
erable ability to modify the shapes of the red and blue power
spectra. Likewise, in the limit where we are not dominated
by the hNi relations, our choice of halo pro�le parameters
allows us to set the relative large-scale biases between the
various power spectra over a large range, while keeping the
shapes of the power spectra relatively constant. There is
some degree of degeneracy between the choice ofMB0 &MR0

and the halo pro�les for each of the galaxy sub-populations,
suggesting that a simple �t to hNi from simulations without
including this e�ect could result in an apparently larger dif-
ference between the two mass scales than the data actually
indicate. Still, the degree of exibility within the framework
and sensitivity to the various input parameters suggest that
measurements of these relative biases using current large
galaxy survey data will provide strong constraints on these
input parameters and the outputs of simulations.
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